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Abstract 

We establish pointwise estimates for the ground states of some classes of posi- 
pL| ■ tivity preserving operators. The considered operators are negatively perturbed (by 

measures) strongly local Dirichlet operators. These estimates will be written in 
terms of the Green's kernel of the considered operators, whose existence will be 
proved. In many circumstances our estimates are even sharp so that they recover 
known results about the subject. The results will deserve to obtain large time heat 
kernel estimates for the related operators. 
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© 1 Introduction 

o 

Let Q be an open connected and bounded subset of the Euclidean space ~R d and —An be 
the Dirichlet-Laplacian on Q. It is well known that the ground state energy of — An, which 
we denote by <p , enjoys the property of being comparable to the function (— An) -1 !. In 
other words, if we designate by Gq the Green's kernel of — An, then 

y?o ~ / G Q (-,y)dy on Q. (1.1) 
Jn 

This result was extended to negative perturbations of —An satisfying Kato condition, 
namely to the ground state <Pq of the operators — A — V where V is a positive measur- 
able function in the Kato-class and under some regularity assumptions imposed on the 
domain Q (see for instance the papers of Banuelos |Ban91j . Davies [Dav86j and Davies' 
book |Dav89j ). 

Actually, Banuelos proved (among others) in [Ban91, Theorem 2] that if Q is a nontan- 
gentially accessible (NTA) bounded domain and V in the Kato-class is such that 

„ L\Vf\ 2 dx- Lf 2 Vdx , . 

\l:= inf J \, f2 , j 7 >0, 1.2 
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is nondegenerate and has a strictly positive eigenfunction, denoted by (Pq, then 

¥o ~ <Po- (1-3) 

However, for (NTA) domains the conditional gauge theorem (which is one of the main 
ingredients in Banuelos' proof) holds true and the Green's functions of — and that of 
— Aq — V (Gq and Gq) are comparable. So that the latter comparison can be written as 



¥>o ~ I GU;V)dy, (1.4) 
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and the latter function is nothing else but the W ' -solution of the equation 

-Au-Vu = lonQ. (1.5) 

In |DD03j . Davila-Dupaigne improved the result to more general V that do not necessary 
belong to the Kato class, including for instance 

V(x) = (^^) 2 M~ 2 and V(x) = ^dist~ 2 (x, 90), (1.6) 
where d > 3 and Q is regular. 

Those V should satisfy the conditions that V G L\ oc and there is p > 2 such that 

L \Vf\ 2 dx- Lf 2 Vdx , s 

inf ° ,\ i J^7 > 0, (1.7) 

Obviously, condition (jl.7p is equivalent to an improved Sobolev type inequality, whose 
relevance for intrinsic ultracontractivity property as well as for the compactness of the 
resolvent of the operator — Aq — V was recognized in |DD03] . 

Being inspired by the latter observation, we shall consider, in this paper, the same prob- 
lem in a more general framework. Precisely we shall replace the gradient energy form 
by a Dirichlet form, £ with associated positive selfadjoint operator H, having the strong 
local property whose domain lies in some L 2 (X, m)-space. The potential function V will 
be however replaced by a positive measure, fi charging no set having zero capacity. 
We shall prove that under some realistic assumptions, and especially under the assump- 
tions that some improved Sobolev- Orlicz and Hardy-type inequalities hold true, then the 
positivity preserving operator related to the semi-Dirichlet form £ — fi still shares many 
interesting features as for the classical case. In particular they have compact resolvent 
and non degenerate ground state. Furthermore the ground state is comparable to the 
solution, £W of the equation = 1 (i.e., comparable to H^ l \), where is the 

nonnegative selfadjoint operator related to £ — p,. 

Our method is based on a transformation argument (Doob's transformation) that leads 
first, to construct the operator := H — p and to the fact that it has compact resolvent 
and second to some ultracontractive semigroups (in the particular case where the trans- 
formation is done by means of the ground state, if one already nows about its existence, 
this leads to the intrinsic ultracontractivity of the operator H^). 

As an intermediate step, we shall prove that the positivity preserving operators under 
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considerations can be approximated, in the norm resolvent sense by a sequence of opera- 
tors whose ground states can be estimated in a sharp way. This will lead to convergence 
of ground state energies and ground states and enables us to carry over the comparison 
for the approximating operators to the limit operator. 

To get the estimates for the ground states of the approximating operator we shall use on 
one side the intrinsic ultracontractivity property and on the other side Moser's iteration 
technique as in pDD03j. 



2 The framework and preparing results 

We first shortly describe the framework in which we shall state our results. 
Let X be a separable locally compact metric space, m a positive Radon measure on Borel 
subsets of X such that m(U) > 0, V0 ^ U C X. All integrals of the type / are 
assumed to be over X. The space of real- valued continuous functions having compact 
support on X will be denoted by C C (X). 

Let £ be a regular symmetric transient Dirichlet form, with domain T := D(£) w.r.t. 
the space L 2 := L 2 (X, m). Along the paper we assume that £ is strongly local, i.e., 
£ (f, g) = 0, whenever /, g G T and / is constant on the support of g . 
The local Dirichlet space related to £ will be denoted by J-\ oc - A function / belongs to 
J-i oc if for every open bounded subset fl C X there is / G T such that / = /-a.e. on Q. 
We recall the known fact £ induces a positive-valued sets function called capacity. If a 
property holds true up to a set having zero capacity we shall say that it holds quasi- 
everywhere and we shall write 'q.e.'. 

It is well know (see |FOT94j ) that every element from JF\ oc has a quasi- continuous (q.c. 
for short) modification. We shall always implicitly assume that elements from F\ oc has 
been modified so as to become quasi-continuous. 

We also designate by Th := TV\ L°°(X, m) and J-b,\oc '■= -7~ioc H L^ C (X, m). From the very 
definition we derive that both Tb and J-^ioc are algebras. 

Given f,g G J 7 , we set r[/] the energy measure of / and T(/, g) the mutual energy measure 
of f,g (see |FOT94 pp. 110-114]). Every strongly local Dirichlet form, £ possesses the 



following representation 

£[f]:=£(fj)= f dT[f], V/eJ. (2.1) 
Jx 

The representation goes as follows: for /eTj its energy measure is defined by 

J 0rfr[/]=^(/,0/)-^(/ 2 ,0), vo<0G^nc c (x). (2.2) 

Truncation and monotone convergence allow then to define r[/] for every / G J 7 . 
Furthermore with the help of the strong locality property, i.e., 

dT[f] = 0, V/G T, (2.3) 
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it is possible to define r[/] for every / G .Fi oc as follows: for every open bounded subset 

ttcx 

l n dT[/] = l a dT\f], (2.4) 
where / G T and / = f-q.e. on fi. 

By polarization and regularity we can thereby define a Radon-measure-valued bilinear 
form on .F loc denoted by T(f,g), so that 

£{fi9) = J dT(f,g), V /, p G J-ioc, either /or g has compact support. (2.5) 

The truncation property for £ reads as follows: For every a G R, every / G J^oc, having 
compact support and every g G J-\,,\oc we have 



£((f-a)+,g)= [ dT(f,g) and S[(f-a) + }= [ dT[f]. 

J{f>a\ J{f>a\ 



(2.6) 



'{/><*} •/{/>«} 
Furthermore the following product formula holds true 

dT(fh,g) = fdT(h,g) + hdT(f,g), V f, g, h e F h , loc . (2.7) 

By the regularity assumption the latter formula extends to every f,g,h G J-i oc . 
Another rule that we shall occasionally use is the chain rule (See [FOT941 pp.111-117]): 



For every function <ft : R — > R of class C 1 with bounded derivative (<f) G Cj(R)), every 
/ G Jioc and every g G J^ioc, 0(/) e ^loc and 

dr(0(/),p) = 0'(/)dr(/ l p). (2.8) 

Formula (I2.8P is still valid for <f>(t) = \t\ p / 2 when restricted to locally quasi-bounded /. 
As long as we are concerned with Sobolev-Orlicz inequalities, we will give some material 
related to the underlying spaces. From now on we shall denote the Lebesgue-Orlicz spaces 
L (ft, v) simply by L (v), whereas in the case v — m they will be denoted by L . We 
also fix an A^-function $ : [0, oo) — > [0, oo), i.e., a convex function such that 

= t = 0, lim ?^ = 0, lim $(t) = lim = oo, (2.9) 

t— >0 t t— >oo t— »oo £ 

and denote by $ its complementary function and set 

A(«) := — ^ v * > 0. (2.10) 

An N-function $ is said to be an admissible, if the following integrability condition near 
zero is satisfied 



/ (sA(s))^ 1 (is < oo for some a > 0. (2.11) 
Jo 



We quote that a necessary and sufficient condition for a A^-function to be admissible is 
that the function $ 2 ^ is integrable at infinity. 
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Among functions that are admissible we cite ^-functions $ satisfying the V2-condition 
($ G V2 for short), i.e., there is / > 1 and t > such that 

*(t)<^{lt), Vt>t , (2.12) 

are admissible. Indeed, by |RR911 Corollary 5, p. 26], if $ G V2 then there is a finite 
constant C > 0, e > and t > such that 

$(*) > Vt > t - (2.13) 

Yielding therefore < C't 1 ' 1 ^, for large t. 

Let /i be a fixed positive Radon measure on Borel subsets of X, which does not charge 
sets having zero capacity. We shall also adopt some assumptions along the paper. 
The first assumption that we shall adopt, along the paper, is the following: there is a 
function s G T\ oc PI L 2 , s > 0-q.e. such that 



(SUP): £(sj)~ s/d/i>0,V0</GJnC c (4 

Jx 

This condition deserves some comments. First the additional assumption s G L 2 is auto- 
matically satisfied if either X is relatively compact. 

Second, assumption (SUP) asserts the existence of a nonnegative supersolution of the 
operator H — \i and is, according to jFitOO^ IBB] , almost equivalent to the occurrence of 
the following Hardy's inequality 

f fdfi<S[f], V/GJ. (2.14) 

By 'almost equivalent' we mean that if (SUP) holds true then inequality (I2.14p holds true 
as well. However, if ( 12.1 4p occurs then for every 5 G (0, 1) there is s G J 7 such that 

8{s,f)-S I sfdfi > 0, V0 < / G JnC c (I). (2.15) 
Jx 

We shall maintain, throughout the paper, that the following improved Sobolev-Orlicz 
inequality holds true: there is a finite constant Cs > such that 

(ISO): \\f\\ L *<C s (Elf]- I / 2 rf/i), V/eJ. 

For discussions about connections between (ISO) (especially in the case where \i = 0) and 
various types of Logarithmic-Sobolev inequalities we refer the reader to |Cip00 IKW 09J. 



In conjunction with $, there is another function which will play a decisive role in the 
paper and which we denote by 0i := <p\(t) = t\I'^ 1 (t), Vt > 0. We assume from no on 
that the function 0i is admissible. 

The following lemma indicates that the latter condition is fulfilled in many situations, in 
particular for <&(£) = l/pt p , t > and 1 < p < 00. 

Lemma 2.1. Assume that $ G V2 and that <pi is convex, then <pi is admissible. 
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Proof. From the fact that <3> is an iV-function we deduce 

^(t) = t = 0, lim0i(*)/t = and lim 0i(t)/t = oo, (2.16) 

t^O t— s-oo 

which together with the convexity assumption yields that 4>i is an iV-function. 

The integrability condition: From the known inequality for conjugate Young functions 

* < $ _1 (t)tf _1 (t) < 2t, Vt > 0, (2.17) 

in conjunction with the fact that $ G V 2 , we obtain that there is a > 0, e > and t > 
such that 

<M0 > at 2 ' 1 ^, Vt > t - (2.18) 

Thus for large t we have t _2 0f 1 (t) < at 1 ^ -2 , and the latter function is integrable at 
infinity, yielding the admissibilty of <pi. □ 

We also have an inclusion relation between the spaces L* and L^. 

Lemma 2.2. The space L* embeds continuously into L^ 1 . 

Proof. From Young's inequality 

tr < $(t) +*(r), Vr,t > 0, (2.19) 

we get 

t^-!(t) = ^(f) < $(t) + f, Vt > 0. (2.20) 

Taking the behavior of $ at infinity into account: lim^oo $(t)/t = oo, we conclude that 
there is T > such that 

M*) < 2 $(0> vt > T - ( 2 - 21 ) 

Since m(X) < oo we conclude that L 2 * C L^ 1 , with continuous inclusion. The result 
follows by observing that the spaces L 2 * and have equivalent norms. □ 

Set H the positive selfadjoint operator associated to S via Kato's representation the- 
orem. For every t > we set T t := e~ m the semigroup associated to the operator H. 
In the next theorem we will collect some spectral properties of the operator H on the 
light of the improved Sobolev-Orlicz inequality. 

Theorem 2.1. For every t > 0, the operator T t is ultracontractive. It follows that 

i) The operator H has compact resolvent. 

ii) Set Ao the smallest eigenvalue of H. Then Ao is nondegenerate, i.e., there is ip (the 
ground state) such that ip > - q. e. and ker(H — Ao) = K^o- Furthermore ipo is 
quasi-bounded. 
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Proof. Since 0i is admissible, and C L^ 1 , continuously, with the help of [BA07, The- 
orem 3.4], we derive that T t := e~ tH is ultracontr active. Thus it has a nonnegative 
absolutely continuous essentially bounded kernel p t , Vt > 0. Hence since m(X) < oo, we 
conclude that T t is a Hilbert- Schmidt operator, yielding that H has compact resolvent. 
On the other hand owing to |Dav89i Proposition 1.4.3, p. 24], the Dirichlet form £ is irre- 
ducible, which implies that the smallest eigenvalue of H, which we denote by Ao, is simple 
and has a q.e. nonnegative normalized eigenfunction ip . The quasi-boundedness of i/jo 
follows from the ultracontractivity property of T t and the proof is finished. □ 

Remark 2.1. We have already mentioned in the proof of Theoren \2. II that the Dirichlet 
form £ is irreducible, which implies together with the fact that £ is strongly local, that X 
is connected ( see \Stu9J$ ). 

From the fact that T t is a Hilbert-Schmidt operator, we also derive that the inverse 
operator H^ 1 possesses a Green kernel Gx which is positive, symmetric and measurable. 
We shall assume, throughout the paper, that the following Hardy-type inequality holds 
true: There is a constant < Ch < oo such that 

(HI) f^dm<C H £[f], V/eJ. 

Proposition 2.1. There exists a finite constant Cq > such that 

G x (x,y) > C G Mx)My)i a.e.. (2.22) 



Proof. Set £r° the quadratic form defined on I?{^)\dm) by 

D(E*°) = {/ : M G J*}, £*>[/] = £[ip f], V/ G D(£^°). (2.23) 

Then £^° is a Dirichlet form. Indeed, £^° is related (via Kato's representation theorem) 
to the operator := ip^Hipo, so that e~ tHi>0 = ipQ 1 e~ tH ipo, which is Markovian. 
In this step we will prove that D(£^°) embeds continuously into the space 
We claim that 

II P IU(^™)< 2(C 5 + C H )£^[f], V/ G D(£*>). (2.24) 
Indeed, by Holder's inequality we find 



/ 



P 



(C s + C H )£^[f] 



dm 



< 2 



(C s + C H )£^[f) 
'I 



p 



(C s + C H )£^[f) 



dm 



r P 



(C s + C H )£^[f] 
P 



\L<t> 



(C s + C H )£^[f\ 



(2.25) 
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By (ISO), we have 



Lz>> 



11 (C s + C H )£^[f] Cs + C H 
On the other hand, by inequality (HI), we get 



yielding 



•"W^W lu *- L (2 ' 27) 



Finally, from the definition of the Luxemburg's norm we achieve 



II f IU(^ m) < 2(C 5 + C H )£+>\f\, V / G £>(£*[/]), (2.28) 
and the claim is proved. 

Now since 0i is admissible, using another time [BA07t Theorem 3.4], we derive that 
the semigroup St '■— e - *^ , t > is ultracontractive and has an absolutely continuous 
essentially bounded kernel k t , furthermore 

kt{x,y) = $o(x)$o{v)Pt(n,y), o.e.. (2.29) 

By standard way (see [Dav89t p. 112]), we conclude that there is T > such that, Wt > T, 

^e- Xot Mx)My)<Pt(x,y), a.e.. (2.30) 
Integrating on (0, oo), yields 

Gx(x,y) > ——ip (x)^ (y), a.e. } (2.31) 
which finishes the proof. □ 



Through the proof of Proposition 12. 1[ we have proved that the operator H is in fact 
intrinsicly ultracontractive. 
From now on we set £ fJj the form defined by 



= T, 41/] = £\J\ - f fdn, V/ G T. 



Since £ is a Dirichlet from, then £ ll is a semi-Dirichlet form, i.e., 

V/e£>(4)=H/|e£>(4). (2-32) 

We will prove in the following lines that the form £ fl is closable. 

Let us stress that since the measure \x is not assumed to be a small perturbation we can 



not conclude directly its closabilty by using the KLMN theorem. To that end we give 
first some auxiliary results. 

We say that a function u G Tioc is a supersolution of H — fi if 

£(uj)- j ufdfi>0, V0</Gj loc nC c (I). (2.33) 
Lemma 2.3. Let s > q.e. be a positive supersolution of H — \i. Then 

s(x) > CgMx) [ My)s(v)Mv), (2.34) 



Proof. Let / G T R C C (X) be nonnegative. Set U = supp / and let u G T be such that 
u = s q.e. on U (such w exists because s G J-i oc )- Since \u\ G J 7 and |tt| = u — s q.e. on 
U (s > q.e.), we may and do suppose that it > q.e. Owing to the definition of s we 
derive 



0<£(s,f)- I sfdfi = 8(u,f)- I ufdfi = £(u,f)-£(K"u,f), (2.35) 

where 

K*u:= j G x (;y)u(y)d(i(y), (2.36) 

is the potential of the measure u\i. Thus u — K^u is a potential, obtaining thereby that 
u — K^u > q.e.. Since u = s q.e. on U and u is positive q.e., and whence \i a.e., we get 
with the help of the lower bound for the Green function in term of the ground state ipo 
(see PropEEJ) 

s(x) > C G ^{x) [ MvMv) Mv), q-e. On U. (2.37) 



Now let (Uk) be a sequence of compact sets exhausting X and (uk) C J 7 such that > 
q.e. and Uk = s q.e. on £7* for every integer k. Since Uk C Ui, VZ > fc, we get = q.e. 
On Uk, VZ > fc. Furthermore t s q- e - So that the estimate established above yields 



s(x) > C G ^{x) J Mv>i(y) dfi(v), q- e - On U k Vl>k. (2.38) 
Passing to the limit w.r.t. I yields 

s(x) > c G ^{x) J MvWv) My), q-e- On U k Wk. (2.39) 

Regarding (Uk) exhausts X, the lemma is proved. □ 
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Let s > q.e. be a supersolution of H — \i (such an s exists by assumption (SUP)). 
As a second step toward proving the closability of the form £ ii we will prove that the 
s-transform of £ fl is in fact a pre-Dirichlet form. 
We designate by £^ (the s-transform of £ M ) the form defined by 

D(£$ := T s — {f '■ sf E J 7 } C L 2 (s 2 dm), £•[/] = V/ G F s . (2.40) 

The following result was mentioned in |Fit00] with a probabilistic proof. For the conve- 
nience of the reader we will give an alternative analytic proof. 



Lemma 2.4. The form £* is a pre-Dirichlet form in L 2 (s 2 dm) . It follows in particular 
that £ fJ- is a closable and its closure is a semi-Dirichlet form. 

Proof. Following Fitzsimmons |Fit08] . we set 

C s :={/:/ € T h , f G L 2 (s 2 dm), f G L 2 (T[s}), s G L 2 (T[f])} C L 2 (s 2 dm) (2.41) 
and Q the form defined by 

Q : = D(Q) = C s , Q[f] = J s 2 dT[f], V/ G D(Q). (2.42) 
We claim first, that for every / G C s , sf G J 7 (so that / G J 75 ) and 

£»[f] = Q[f]+2 J sfdT(sJ) + J f 2 dT[s] - J f 2 s 2 d^. (2.43) 

Indeed, let / G C s . Then sf G Ti oc and by the chain rule we get for every open bounded 
subset U C X, 

[ dT[sf] = [ s 2 dT[f] + 2 [ s fdT(sJ)+ [ f 2 dT[s]. (2.44) 
Ju Ju Ju Ju 

Owing to the properties of /, and exhausting X by open subsets, we get by Schwartz's 
inequality together with monotone convergence 

£,[sf] = J dT[sf] = Q[f]+2 J sfdT(sJ) + J f 2 dY[s] 

< Qlf] + 2( / f dT[s]f/ 2 { J s 2 drf/]) 1 / 2 + I f 2 dT[s] < oo, (2.45) 

yielding that sf G J 7 and the corresponding formula for £ s [/]. 

As a second step we define another form, which we denote by q, as follows 

D(q)=C s , q[f} = 2 J sf dT(sJ) + J f 2 dT[s] - J f 2 s 2 d^ V / G D(q). (2.46) 

Then q is well defined. Since for every / G C s also f 2 G C s , we get by the preceding step 
that sf 2 G 7. Thus, owing to the fact that s is a supersolution we obtain 
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q[f] = £(s, sf) - J s(sf) dfi > 0, V/ G C s . (2.47) 

We shall prove that there is a positive measure, fx charging no set having zero capacity 
such that 

q[f} = f fdu, \/feC s . 
Let / G C s , having compact support and / > a.e. . Set 

L(f) := 8(s, sf) - J s(sf) dfx = J dT(s, sf) - J s(sf) d}x > 0, (2.48) 

because s is a supersolution. Since / h-> dT(s, sf) is a Radon measure charging no set 
having zero capacity, we derive that L is actually a positive Radon measure charging no 
set having zero capacity: There is a positive Radon measure fx, charging no set having 
zero capacity such that 

L(f) = J fdfi. (2.49) 

Observing that L(f 2 ) = q[f] we get q[f) = J f 2 dfx, for every / G C s having compact 
support and whence for every / G C s . 
Now Set 



S:=Q + q. (2.50) 
Then S coincides with Sf. restricted to C s . 

On one hand according to |Fit08t Theorem 3.10], the form Q is closable and its closure Q 
is a Dirichlet form having the strong local property. On the other hand since the measure 
q is positive and absolutely continuous w.r.t. the capacity, then according to [Sto92] . the 
form S is closable, yielding the closability of and whence of The fact that the clo- 
sure of Efi is a semi-Dirichlet form is derived from the fact that £^ is itself a semi-Dirichlet 
form. 

Let us denote by S, respectively Q the closure of S, respectively of Q and by L s , respec- 
tively Lq the selfadjoint operator associated to S, respectively Q. Then since S > Q > 
we derive that 

< e~ tLs < e~ tLQ , Vt > 0. (2.51) 

Owing to the fact that Q is a Dirichlet form we get that the operator e~ tLg is Markovian 
for every t > 0, and whence e~ tLs , t > is Markovian as well or equivalently S is a 
Dirichlet form. Clearly S is local and the proof is finished. 

□ 

We quote that the improved Sobolev-Orlicz inequality (ISO) has no relevance for the 
closability of the form £„. 
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From now on we denote by respectively £ M , the closure of respectively of £ M . Ac- 
tually, we deduce from the last proof that since C s is a common core for both S and 
then S = E* 

The form £^ is a densely defined nonnegative form, and is even a semi-Dirichlet form. 
Let Hp be the self-adjoint operator associated to £ M . Then is positivity preserving 
and by inequality (ISO) is invertible with bounded inverse, which we denote by H~ l . 
Henceforth we denote by H s the operator related to the form £^ and by e~ tH P, t > 0, 
respectively T f s := e~ 2 , t > the semigroup of operators related to H^, respectively H^. 

Theorem 2.2. Let s be a function satisfying assumption (SUP). Then for every t > 0, 
the operator T* is a Hilbert- Schmidt operator. It follows, in particular that e~ tHti , t > 
is a Hilbert- Schmidt operator as well and the operator has a compact resolvent. 

Let us emphasize that the latter theorem is the only place where we used the supple- 
mentary assumption s G L 2 . 

Proof. By similar arguments to those used in the proof of Prop J2.1| we derive that there 
is a finite constant C > such that 

II f \\ L H {s 2 dm) <C£;[fl V/eCJ. (2.52) 

Having in mind that C| is a core for the latter inequality extends to every element from 
the space J 75 . Since <f>\ is admissible, £^ is a Dirichlet form (by Lemma f2.4j) and s G L 2 , 
we get according to [BA07, Theorem 3.4] that T t s is a Hilbert-Schmidt operator for every 
t > 0. Now the rest of the proof follows directly by realizing that e~ tH " = sT t s s -1 . 

□ 

From now on we denote by the smallest eigenvalue of the operator H^. We proceed 
to prove that is nondegenerate, i.e. the associate eigenspace has dimension one and 
may be generated by a nonnegative eigenfunction. To that end we shall approximate the 
operator H^, in the norm resolvent sense, by a sequence of operators having the mentioned 
property. 

Let (jiifc) be an increasing sequence of positive measures charging no sets having zero 
capacity such that /ij. \x and there is a constant < Kk < 1 such that for every k G N 
we have 

Jf d(i k < K k £\f], V/eJ (2.53) 

For example the sequence ^ = (1 — r)^ satisfy the above conditions. 
By the assumption < < 1, we conclude that the following forms 

£>(£ M J = J", £ M J/] = £[/] - / / 2 rf/i fc , V/ G J", 

are closed in L 2 . For every integer k, we shall designate by the self-adjoint operator 
related to £ Mfc . 

According to general results about convergence of sequences of monotone quadratic forms 
(see |Kat95j ). one can realize that Hk — > H^, in the strong resolvent sense as k — > oo. We 
shall improve this observation in the following way: 
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Lemma 2.5. The operators Hk have compact resolvents and 



lim \\H- 1 -H- 1 \\=Q. (2.54) 

k— >QO 



Proof. Observe that < < H~ x . Now the first statement follows from the fact that 
H~ x is compact and the second one follows from the known fact that H~ l is compact 
together with the norm resolvent convergence [Kat95[ Theorem 3.5, p. 453]. □ 

The latter lemma will have a great influence on the strategy that we shall follow. This 
is illustrated through the following: 

Corollary 2.1. i) Let X^\ respectively Aq be the smallest eigenvalue of the operator 
Hk respectively H^. Then lim^oo | A — Aq | = 0. 

ii) Let P( k \ respectively ?W be the eigenprojection of the eigenvalue X^\ respectively 
of the eigenvalue Aq . Then 

lim ||P (fc) -pM\\ = 0. (2.55) 

k— >oo 

It follows, in particular, that if X^ is nondegenerate for large k, then so is Xq and 
conversely. 

Proof, (i): Follows from the inequality |-^y ?W| < \\H^ 1 — H^ 1 ]] and Lemma [2.51 

(ii): Follows from Lemma l2~5l and the fact that if P and Q are two orthogonal projections 
such that || P — Q\\ < 1, then their respective ranges have the same dimension |Kat95l 
Theorem 6.32, p. 56]. □ 

Lemma 2.6. Let v be a positive Radon measure on Borel subset of X such that there is 
a constant < C v < 1 with 

J fdv<C v £[fl V/eJ. (2.56) 
Let £ v be the form defined by 

D{£ v ) = S u [f] = S[f] - J f 2 du, V/ G JT, 

and Aq be the smallest eigenvalue of 8 V . 

i) Let ip > q.e. be an eigenfunction associated to A . Then 

<p(x) > {C G Xt ] j MvMv)d™(y))Mz), Q-e.. (2.57) 
It follows that if > q.e.. 
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(ii) The eigenvalue Aq i> s nondegenerate and has a positive normalized ground state 
which we shall denote by ip^ . 



Proof, i): Let <p > q.e. be any eigenfunction associated to Aq 
Set 



/ G x (;y)<p(y)dv, K<p = J G x (;y)<f(y)dm, u — <p — K v <p — X^Kcp. (2.58) 

Owing to the fact that (p lies in J 7 and hence lies in L?[y\ we obtain that the signed 
measure <pv has finite energy integral with respect to the Dirichlet form £, i.e., 

J \f<p\ dv < a{£[f]) l '\ V, / G T n C C (X), (2.59) 

and therefore K u <p G J 7 . Thus u e J 7 and satisfies the identity 

£ (w, fiO = £ (v 3 , fiO - J Vgdv - J <pg dm 

= £ v (tp,g)-\M J tpgdm = 0, V# G T. (2.60) 
Since £ is positive definite we conclude that u = Oa.e. (and hence q.e.), which yields 
ip = K"<p + X^Kip>X^K<p = X^ j G x {;y)y{y)dm{y) 

> {C G \t ] [ MyMy)dm(y))^ , q.e., (2.61) 



where thw latter inequality is obtained from (12.11) . 

ii): Let (p be an eigenfunction associated to A^. Since £ u is a semi-Dirichlet form, then 
\(p\ G J 7 and minimizes the ratio 

Thus \ip\ is an eigenfunction associated to Aq as well and by assertion (i), \ip\ > q.e.. 
Set (p := \<p\ — (p. Then satisfies H v (p = X^(p. Now, either <p — a.e. which would 
imply that = |<^| a.e. or <^5 is a non- negative eigenfunction associated to A^. In the 
latter case we derive from assertion (i) that (p > q.e. or equivalently \tp\ > tp q.e.. We 
have thereby proved that every eigenfunction associated to A^ has a constant sign, from 
which (ii) follows. 

□ 

On the light of Corollary 12.11 together with Lemma I2.6[ we conclude that Aq is 



nondegenerate as well and we can get even more: 
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(k) (k) 

Lemma 2.7. Let p be the normalized a.e. positive eigenfunction associated to Aq . 
Then there is a subsequence (<^q ) such that 

lim 11^-^11^ = 0, 

Js-CO 

where p^ is the normalized a. e. positive eigenfunction associated to Ag . 

Proof. Since the sequence (<pjj ) is bounded in L 2 , there is a subsequence, which we still 
denote by (</?o )> an d h <E L 2 such that <^ fe ^ — /i. Let P be the eigenprojection associated 
to Ag M \ Since P is a rank one operator, we get P<p^ — > Ph in L 2 . Thus 

P k p {k) = p {k) = (P k - P)p {k) + Pp {k) -> P/i, (2.62) 

and ||P/i||i2 = 1. 

On the other hand we may and shall suppose that Ph > a.e. (by mean of a subsequence 
if necessary). Now Setting (p^ := Ph, and recalling that RanP = ker(P M — Aq^) ( by 
the fact that dim RanP = 1) we get that ip^ is an eigenfunction corresponding to Ag 
and > a.e.. Finally Corollary 12.11 together with the lower bound for ip^ given by 
Lemma |2.57[ l ea d to 

<pP > (CkAj [ My)^\y)dm(y))^ 0} a.e., (2.63) 
Jn 

yielding p^ > a.e., which completes the proof. □ 
At the end of this section we resume our strategy. Define 

:= H-H, (M = H?1. (2.64) 

Theorem 2.3. Let i^j^o jVo i^' °e as above. Assume that for every k G N 
there is a constant < < oo suc/i i/iai lim^oo r fc = T G (0, oo) and 

r^ (fc) < pf < r^ (fc) , a.e. Vfc large. (2.65) 

Then Y' 1 ^ < < Y^\ a.e.. 

Proof. By the norm resolvent convergence of H k towards (Lemma 12. 5p . we obtain 
£(fc) = H^ 1 ! — > H^l = ^ in L 2 (Vt) and we can assume that lim^oo^^ = £W, a.e.. 
Now the result follows from the assumptions of the theorem together with Lemma |2~7T1 □ 

Our main task in the next section is to establish estimate (j2.65j) . 
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3 Estimating the ground state 

In this section we fix: 



i) A positive measure v satisfying assumptions of Lemma 12.61 

ii) Two real-valued, measurable a.e. positive and essentially bounded functions V and 
F on X such that either V 7^ or F 7^ 0. 

Let w G F. We say that w is a solution of the equation 

H v w = Vw + F, (3.1) 

if 

£ u (w,f) = J fVwdm + J fFdm, V/ G F. (3.2) 

Let w > q.e. be a solution (if any) of the equation H u w = Vw + F. Define Q w the 
form: 

D(Q W ) = {f: wfe JF}, Q w [f] = £?[f] - J f 2 w 2 Vdm, V/ G D{Q W ). (3.3) 

Then by the same arguments used in the proof of Lemma 12.41 we deduce that Q w is a 
Dirichlet form on L 2 (w 2 dm) having the local property. Moreover since w G L 2 , then the 
vector space 



C w :={f: f G Fb, weL 2 (dT[f})}, (3.4) 



is a core for Q v 
We claim that 



Q w [f] = J w 2 dT[f] + J f 2 Fwdm, Vf G C w . (3.5) 

Indeed, from the product formula for the energy measure, we derive 

Q w [f] = J w 2 dT[f]- J f 2 w 2 dv- J f 2 w 2 Vdm + J dT(w,wf 2 ), V / G C w . (3.6) 

Using the fact that w is a solution of equation (13. ip . we get for every / G C w , wf 2 G C w 
and 

£ u (w,wf 2 ) = J Vf 2 w 2 dm + J Fwf 2 dm = J dT(w,wf 2 ) - J f 2 w 2 du, (3.7) 
and substituting in Eq. (13. 6p we get the claim. 

We also note that the operator w~ 1 (H u — V)w is the self-adjoint operator in L 2 {w 2 dm) 

16 



associated to the Dirichlet form Q w . 
Henceforth, we define 



a ■.= c G 2 { J MyMy)v( y )dm + J MvMv)*™) , ( 3 - 8 ) 

and 

C := m&x{C H C, C H C'X ). (3.9) 

Theorem 3.1. Let V, F be as in the beginning of this section. Let w e T , w > q. e. be 
a solution of the equation 

H u w = Vw + F, (3.10) 

Set 

A:=(C + 2C,)(1 + 2C S ||1|U»). 

Then 

(ISOl) || f \\ L . 1[w2dm) < A(Q w [f] + J Vf 2 w 2 dm), V/ G D(Q W ). 

The proof of Theorem 13.11 relies upon auxiliary results which we shall state in three 
lemmata. 

Lemma 3.1. Let w be as in Theorem \3.1[ Then the following inequality holds true 

w>C G 4> ( / ipo{y)V{y)w(y)dm+ / ip (y)F(y) dm) q.e.. (3.11) 



Proof. As in the proof of Lemma 12.61 we show that w satisfies 

w - R u w = KVw + KF, 
yielding, whith the help of the lower estimate (12. ip for the Green function Gx , 

w > KVw + KF > C G ip / ipo(y)V(y)w(y)dm + C G il)o / ip (y)F(y) dm q.e.. 



□ 

Lemma 3.2. Let w be as in Theorem \3.1[ Then 

J fdm<C J w 2 dT[f]dm + C J w 2 f 2 dm, V/ G C w . (3.12) 
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Proof. At this stage we use Hardy's inequality (HI), which states that there is a constant 
Cjj > depending only on X such that 

,2 



u 



dm<C H dF[u], Vu G T. (3.13) 



Let f E C w . Taking u = fip in inequality (13 . 1 3[) yields 
J fdm = J l^dm<C H J dr[fip ] 

= C H I ij 2 dT[f]+2C H [ ij fdT(ij ,f) + C H I fdT(M ) 



= C H J tfj 2 dT[f] + C H j dT(^ ^ f). (3.14) 
Thanks to the fact that ipo is an eigenfunction associated to Ao, we achieve 

dT^ , M 2 ) = Ao J fipl dm. (3.15) 
Combining (I3.15P with (13. 1 4 j) we obtain 

J fdm <C H J ^ 2 dY[f]+C H \, J ij 2 fdm, V/ G C w . (3.16) 
Having the lower bound for w given by Lemma 13.11 in hand, we establish 

J fdm< C H C'J ij 2 dT[f] + C H C'X J fa 2 fdm, VfeC w . (3.17) 

□ 

Lemma 3.3. Let w be as in Theorem \3.1\ Set 

\ 1 = 1+°*<L, A 2 = ^ + ^A (3.18) 

1 2 2 2 v ; 

C being the constant appearing Proposition }^ '. 6 A Then 

Q w [f] <AiJ w 2 dT[f] + A 2 J w 2 fdm, Wf C w . (3.19) 
Proof. We have already established that 

Q w [f] = J w 2 dT[f] + J fFwdm, V/ G C w . (3.20) 
Making use of Holder's and Young's inequality together with inequality ( 13.121) we obtain 

Q w [f] < J w 2 dT[f] + (Jfdm)^(J fF 2 w 2 dmy 
< A 1 J w 2 dT[f]+A 2 J f 2 w 2 dm, V / eC w , 

which finishes the proof 

□ 



Proof, of Theorem \3.1\ We observe first that 

Q w [f] + J VfWdm = £™[f] := £„iwf},Vf G C w . (3.21) 

So that due to the fact C w is a core for the form Q w it suffices to prove inequality (ISOl) 
on C w . 

For / G C w , set A := A£™[f]. By Holder's inequality for Orlicz norms, we get for every 

feC w , 

f 2 r w 2 f 2 f 2 

v?fc{L-)dm = / ^-^-\ J —)dm 



A J A A 

< 2 || ™-£ \\ L 4 \\ L , 



By (ISO), we have 



w 2 f 2 2 

2 || -f- \\ L .< jC s £™[f] < 1. (3.22) 



On the other hand we have, according to Lemma 13.21 

c2 r f2 



J m{m~\f—))dm = J yrfm<y( J w 2 dT{f,f)dm + J w 2 f 2 dm). (3.23) 
Applying another time Holder's inequality we get 

J (fw) 2 dm < ||1|| L *||(/ W ) 2 || L * < C S ||1|U*CT], V/ G C w . (3.24) 
Recalling that £™[f] > / w 2 dT[f], we achieve 

J fldm<j(l + 2C 8 \\l\\ L *)£?[f]<l, \/fEC w . (3.25) 



Thus 



l^ _1 (y)llL*<l, (3.26) 



and whence 



J w 2 0i(y) dm < 1, V/ G C w , (3.27) 

and the theorem is proved, according to the definition of the Orlicz norm. □ 

For every t > we designate by Tf the semigroup associated to the form Q w in the 
space L 2 {w 2 dm). We are yet ready to prove the ultracontractivity of T™. 
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To that end we collect some preparing notations. We recall the expression of the constant 
A 

A:= (C + 2C s )(l + 2C s ||l|| i *). (3.28) 
Let A be the function defined by 

A(a):= r ,Vs>0, (3.29) 

S<p l {1/8) 

and 7 be the solution of the equation 

pit) i 

t-=8A / — ds. (3.30) 
Jo sA(s) 



We finally denote by 



0(t) := -L. (3.31) 



Theorem 3.2. Let V,F and w 6e as m Theorem lff.il Taen zs ultracontractive for 
every t > and 

||T t l L >2 dm))LOO < /3(t/2)e l|y|M , Vt > 0. (3.32) 



Proof. From Theorem 13. 1[ we derive 

II f IU* 1(W 2*»)< ^(QH/l + \\V\\oo [ f 2 w 2 dm), Wf e D(Q W ). (3.33) 

Jn 

Since 0i is admissible, we get according to |BA07j . that the semi-group T™ is ultracon- 
tractive for every t > and 

\\TT\W{^dm),Loo < (3{t/2)e\\ v W-\ Vt > 0. (3.34) 

□ 



We shall apply Theorem 13.11 to the special cases = 0, F = 1 which corresponds to 
w = &"\ 

Theorem 3.3. Let v be as in th beginning of this section. Then the following pointwise 
upper bound for ip^ holds true 

<Po ] < (P{t/2)e tx ^)i {v \ a.e. Vt > 0. (3.35) 
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Proof. Applying Theorem 13.11 to the case V = 0,F — 1, so that we may and do choose 
w — yields that the semi-group T/ ( ) is ultracontractive and is an eigenfunction 



for T/ ( } associated to the eigenvalue e tx ° \ Vt > 0. Thus 



y^u < p^iit^'ii 

^ylloo c ||i t ||L 2 ((fM) 2 dm),L°° 

< p(t/2)e tx °\ Vt > 0, (3.36) 



and 

< £(»)/3(t/2)e tx ° \ a.e. Vt > 0. (3.37) 

which was to be proved. □ 

While for the upper pointwise estimate we exploited the idea of intrinsic ultracontrac- 
tivity, for the reversed estimate we shall however, make use of Moser's iteration technique 
as utilized in |DD03j . To that end and being inspired by Davila-Dupaigne |DD03] . we 
shall further assume that the function <\>\ satisfies the following growth condition: there 
is e > 0, and a finite constant a > such that 

0i(t) > at 1+ \ Vt > 0. (3.38) 

Regarding the equivalence between the norms of the Orlicz spaces L^ 1 and L a we may 
and shall assume that a = 1. 

Before stating the result we need a short preparation. We denote by 

I u := {?, 8) -> L», / ^ f, K v := IJ*, and K := H~ l . (3.39) 

We recall [BATJ4] that C U =\\K V \\. 
An elementary computation yields that 

{I V K)* : L\v) / j G x (;y)f(y) dp, (3.40) 

K»f : L\v) -> L\v), K"f = J G x (-,y)f(y) du, V/ G L». (3.41) 

Furthermore according to [BraOl, formula (24)] 

H- 1 = K + {I V K)*{1 - IC)- 1 ^. (3.42) 
Lemma 3.4. The following estimate holds true 

{M £ T^a*' 1 5 °' e " (3 ' 43) 
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Proof. By assumption, we have 

(1 - C v )E[f] < £ v [f] < £[f], V/eJ, (3.44) 

so that 

K < H~ l < (1 - C U )- X K. (3.45) 

According to the identity (13. 42 p . the operator if" 1 possesses a positive symmetric kernel, 
which we denote by G x . Thus the self-adjoint positive operator (1 — C^^K — H^ 1 has a 
symmetric kernel and by [FOT94 Lemma 1.4.1, p. 24 ], the kernel is positive rax ra a.e.. 



Whence G x < (1 — C v ) 1 Gx a.e., from which follows 

£ H = H-H < (1 - C^in a.e.. (3.46) 

On one hand, since if is a Dirichlet operator then for every a > 0, we have (ii + a) -1 ! < 1 
a.e. and on the other hand lim a _ i , (if + a) -1 = K, strongly, yielding lim a _ i> o(-^ + a) _1 l = 
XI in L 2 so that by means of a subsequence we get Kl < 1 a.e. and the proof is finished. 

□ 

Theorem 3.4. For every t > 0, the following estimate holds true comparison holds true 

< (AC + l)(C(z/, t) + l)<p%\ a.e., (3.47) 



where 

C(u, t) := f3{t/2)e tx ° ) Vt > 0. (3.48) 
Proof. Consider the ratio 

P := (3-49) 

<Po 

By |BB| Lemma 2.2, Lemma 2.1], the function -k* lies in the space J-^ioc- Thus 
according to Lemma I3T4] p e J-bjoc- Now using the chain rule together with the equations 
satisfied by the ground state <pj, and the function we find, for every / e J 7 ^ having 
compact support, 



(^ } ) 2 rfr(/,p) = ldT(^f,^)- JfdY(^\& ] )- J^dT^J) 



f^ ) dm + j^f^dv-^j^f^dm 
+ h^f^dv) = Lt ] fdm-\t f^f^dm. (3.50) 
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Let U be a compact subset of X. Testing the latter equation with / = lup 2 ^ \ j > 1, 
(/ G J-^ioc by Lemma |3^4|) . we deduce 

W^P) = j fF-\<pV> - XPeVo^dm, (3.51) 

which yields, due to the positivity of both functions </4 and £^ 

2j ~ l [{^fdTtf] = [ ^(rf'-A^V)^ 



i 2 ; 



< / fF-^dm. (3.52) 



According to Theorem I3.3[ we obtain 

{^fdTy] < C{v,t)j I {ifP^dm. (3.53) 



u Ju 

M p _ n „„ - „M 



Using Holder inequality and Lemma l3~2l ( with V = \q ,F — 0, w — <Pq and / 
luP^), it follows from (I3.53P that 



< C^C(u,t)j( [ {^Yp*dm)^( f {^fdVy\ 



+ / (ip^) 2 p 2j dmy. (3.54) 
Ju 

By Young's inequality, we obtain 

J^fdVy] < l -{CC\v,t) 3 2 + 1) jypYfFdm + \ J^fdVy], (3.55) 
so that 

/ {^fdVy] < (CC 2 (u,t)f + 1) / (^) 2 p 2j dm. (3.56) 
Ju Ju 

By (J33D, with 7 = A^ } , F = 0, w = and / = 1^, we get from (ISOl) 



II W J IU (( ^> )2dm) < ^( J^fdVy] + aJ° J^i^fdm), (3.57) 
which yields 



L^Hin "') 2 dm) 

< (ACC(u,t) + l){C{u,t) + l)f I (<f^) 2 p 2j dm{3.58) 



u 
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Having the growth property f!3.38|) for the function 0i in hands, we achieve 



( / p 2 ^ l+e \^ ] ) 2 dm)^ < (ACC(u,t) + l)(C(v,t) + l)j 2 / p 2j {cp^) 2 dm. (3.59) 
Ju Ju 

We iterate fl339l . Define j k = 2(1 + e) k for k = 0, 1... and 

® u k = ( f fy> k {^ ] ) 2 dm)^ and M(u,t) := (ACC(u,t) + l){C(v,t) + 1). (3.60) 
Ju 

Then f ]3.59f) can be written as 



e£ +1 < (M(u,t)(i + e) 2k y^ k e u k . (s.ei) 

Using this recursively yields 

6^ < M(u,t)Q% = M(v,t){ [ iptfydmfi < M(v,t). (3.62) 



for all k = 0, 1, .. . Since the right-hand-side of the latter inequality is independent 
from U , we deduce 



lim 6£ = sup p < M(u, t), (3.63) 

k— >oo x 

and this shows that 

£M <M{v,t)$\ Vt>0, (3.64) 

which was to be proved. 

□ 

Theorem 3.5. Let pi be a positive Radon measure on Borel subsets of X charging no 
set having zero capacity. Then under assumptions (SUP), (ISO), (HI) and the growth 
condition A3. 38\) . the following sharp estimate for the ground state (p^ holds true 

((ACinf /3(t/2)e* A o M) + l)(inf /3(t/2)e a <»" ) + l))" 1 ^ < ^ < ^(mf /3(t/2)e a o M) ), a.e. 

Proof. Let p: k f p, (as specified in Section2). By Theorem 13.31 it holds 

< ^ k) f3(t/2)e x « h , Vt > 0. (3.65) 

Now the right-hand-side inequality follows directly by letting k — > oo and using Corol- 
lary o 

The reversed inequality is obtained in the same manner by using Theorem 13.41 and Corol- 
lary O □ 
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Let us recall that according to Theorem \2.2\ e~ tH ^ is Hilbert-Schmidt operator for 
every t > 0. Thus e~ tH ^ has a m x m absolutely continuous kernel. For every £ > 0, we 
designate by p% the heat kernel of e~ tHfi . 

By standard way, we deduce that the operator has a Green's kernel which we denote 
by G x . We can rephrase Theorem 13.51 in term of the Green's kernel. 

Corollary 3.1. We have 

ipM ~ / G x (;y)dy, a.e. (3.66) 



Remark 3.1. a) We immediately derive from the latter corollary that if the Green's 
functions Gx and G x are comparable then the ground states of H and are comparable 
as well. 

b) If fj, is such that there is G (0, 1) with 



Jx 



then by (12. 15[) (changing \i by ^jr/i), (SUP) is satisfied. Furthermore since £ and £^ are 
equivalent, inequality (ISO) can be changed by the weaker Sobolev-Orlicz inequality 

\\f 2 \\L*<C s £[f}, feF. 

In this situation the compactness of H~ x can be obtained directly from formula ( I3.42p 
and we still get by Theorem 13.31 together with Lemma 13.41 

» 



<Po ~ J G x (-,y)dy, a.e. 
On the other from (I3.42p , together with the proof of Lemma 13.41 we deduce 

G < G» < y^-G, (3.67) 

so that 

ipW ~ Vo- (3-68) 

We also derive by standard way the following large time asymptotics for the heat 
kernel. 

Corollary 3.2. There is T > such that for every t > T , 

rf(x, y) ~ e- x ^\f } {x)^\y) ~ e- x » h ^\x)^\y), m x m a.e.. (3.69) 
It follows, in particular that 
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Example 3.1. Let X be a bounded uniform domain in M. d , d > 3 , or equivalently 
according to |Han05t Propostions A. 2, A. 3] a bounded interior non-tangentially accessible 
domain (which is less than NTA domain). Let H be the Dirichlet-Laplacian in L 2 (X, dx). 
With p = assumptions (SUP) and (ISO) (Sobolev embedding) are fulfilled. Furthermore 
according to [Han05l Remark 3.1], we have 

G x (x, y)~\x- y\ 2 ~ d a.e. on X x X. (3.71) 

Whence, setting p(x) := dist(x,dX), Vx G X, we derive that there is a finite constant c 
such that 

G x (x,y) > cp(x)p(y), a.e.. (3.72) 

On the other hand we have 

tpo(x) = A 1 / Gx(x, y)i>{y) dy > cp(x), VxGX (3.73) 



x 



Suppose furthermore that the distance function , p is superharmonic, i.e., —Ap > 0. Then 
setting w = p 1//2 , a straightforward computation yields 

1 w 

-Aw ->0onX (3.74) 

4 p 2 

Thus by a result due to Ancona |Anc86j Propostion 1] we deduce 

f lM dx < 4 f \Vf\ 2 dx, Wf G W^(X), (3.75) 
Jx P ( x ) Jx 

which together with inequality ( 13.731) imply the occurrence of Hardy inequality (HI). 
Whence, in this situation all assumptions are satisfied and therefore we get 

/ G x (;y)dy~ [ \--y\ 2 - d dy, on X (3.76) 
Jx Jx 

b) Let p be any measure satisfying condition of Remark 13. li b). Then by Remark 13. 11 we 
get 

(M) „, f I . _„,|2-d. 



¥>r~ / \--yr d dy, onX. (3.77) 

c) Finally we consider the measure p defined by dp(x) = \p~ 2 (x)dx. With this choice 
assumption (SUP) is fulfilled by s = p 1/2 G W^(X). Moreover, according to [FMT071 
Theorem 1.1-(1.2)] (with p = 2, q = we learn that there is Cs G (0, oo) such that 

( / \f\ g dxf q < C s {S[f] - - f ^dx) 7 V/ G < 2 (A). (3.78) 
Jx 4 Jx P 

Whence (ISO) is satisfied with $(t) = which is an N-function which corresponding 
0! is admissible. Thus we establish 



Sf°~ / G x (-,y)dy. (3.79) 



v 
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